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1 
In [ I ]I, Gandhi has stated the following conjecture on Genocchi num- 
bl:rs: 
(-l)“GZn = Z12 C22 l . . z;(t~-I)~ . 
The meaning of the odd notation on the 1e:ft of (1) is as follows: write 
K(n, k) = xk2 C(k+l)2 . . . C(k+n- 1)2 ; 
then 
K(n+l,k)=k2K(n,k+lj-(k-l)2~(~~,k~ 
K(1,k)=k2-(k-1;j2 =2k--1 
alId, af course, (1) is restated as 
(1’) C-1 1” 62, = K(n-R,l) 0 
S ated in this way, this result is effectively the sari::: as that of [6] . 
* rlhis research was supported by ihs U.S. Atomic Eneqg Commisskm under Contract W-7405 
ENG-36. 
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The Genocc’hi numbers, here as in [ 11, are taken as defined :by the 
exponential generating function 
2t(ef + 1)-l . 
The bisection 
3 [c(0--w--01 = t z= 2 G2n*1 t2n+q2yI + l)! 
n=O 
shows that Gt =: 1, Gzn+l = c, for n = 1,2, . . . . the bisection 
5 G,, t2’l /(2n)! = $ [G(t) + G(-t>] = t( 1 -ef )( 1 +er )- 1 
il =o 
= -t tanh (3 t) 
will be used later, and suggests he known connection with the tangent 
numbers which, following Norlund [4] , we denote by CR. Indeed, sirlce 
by definition 
C(t) =: ;fZo Cn tn In ! := 2(1 + ezt)-l . 
= 
it follows at once that G(3) = 2tC(t), which implies 
2n 6, = 2nc+1, n “0, I,.., . 
Th:.: essential step in our proof of (1) is in showing Its equivalence to 
(2) G 2n+2 = fi (-l)k*’ k!2 T(2n, 2k) , 
k=I 
with ?{n, k) = lVt V /k! in the compressed notation of [ 31, where it is 
called a central jizctorial number (it may atso be called a divided central 
difference of zero); 6 is the central difference operator E1j2 - E-lj2 with 
E the u.sual shift operator. 
Taking the exponential generating functions of the two sides of (2) 
leads to an identity with a moderately easy proof, as will be shown. 
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For crjnvenience, set xk = k”, SQ that the numberr .K(n, k) above are 
defined by the recurrence 
K(rt, k) = xk K(n- 1, k+ I.)--Q__ 1 K(n-1, k), 
and the boundary condition K(b), k) = 1. Then 
K(n, 1) - x1 K(M-1 ,2) 
= x1x12 K(n-2,3)-x; K(n-2,2) 
=x1x2x3 K(n-3,4)-x1x2(x1+x2:)K(n-3,3) 
f xi K(n-3,2) 
=:x~xZX~X~ K(n-4,5)--x1x2x3(x1+x2+.QK(e-4,4) 
+xlx2(x~+x~+xlx2)~(n-4,3)-x': K(rt-4,2). 
These suggest he general form 
(3) 
j-l 
K(n, l)= C 
k=O 
(AI)~x~ . . . Xj_khk(Xl, . . ..Xj_k)PL(n-j.i+l-X.), 
with /z,(.xl , . . . . xn) the: homogeneous product sum symmetric function, 
in the notation of [3] . This may be proved by mathematical induction 
and the relation 
Withj = n, (3) and (4) prove (2) since [:5, p+ 2.141, 
T(2n, 2n-2 k) = T(2n-12, 2n--2-2k)t (n-k)2 T(2n-2,2n-2k), 
T(2n, 2rz) = T(2n, I!) = 1 . 
Using [ 5, p. 2161, 
ngol T(2n, 2k) .fzn/(2n)! = z2k/(2k)‘, z = 2 sinh (4;) , 
= 
it follows from (2) that 
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But, with D = djdt 
= 2.Q -e-‘)(eC + e+ + 2)-’ -4(et+e’-f+2)-1, 
This is expressed in terms of z by the reMions: t = 2 sinh- 1 C~Z), 
!$_ ,g-t = ;:dm, et + e-l+- 2 = z2 -t 4 and (5) becomes 
(6) ngo (-1)n(2,nT’ z2n = 4(z2 +4)-l [ 1-z(z2+4)-1i2sinh-1(fz)]. 
= 
WrCing 
Z2 Jqt) =$ (-1)” (2,“r-1 z2n =:g fn p = l_?+$2$+ ...~ 
0 
it is clear thatfo = 1 and 2(2n-l)fn = --nfn_I, n = 1,2, . . . . or 
(7) 4(2n-l)f, + 2nfn_1 = --.46,?, 
with 6,, the Mronecker delta. Summjng (7) leads to the differential 
equation ( a prime denotes a derivative) 
U-9 iz2 + 4)zf ‘(2) + (222 -4) f(z) + 4 .= 0 , 
Of 
(8’) i:D[#(z2 f 4lf(z)] = f(z)- 1 , 
wheirz D s d/dz, which is satisfied by ihe right hand side of (6), as may 
be rc:.sdily ilrerified. 
Al temat .ively ,
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)(z” +4)f(z) = 1+ 2 (&+d;t,_#” = l+$ f z2”/2n n 9 
n=l vl=l 
and 
1-z sir& (iz)(z2+4)-1/2 
‘,’ 1- 5 
k=O 
(-l)k(;k) 2-4k--1 :g 5 (_lji(~)2-+-$2i 
j=O 
= 1 _/co (_l)nz2n+2 2--4n-2 kko 
1 
= 
(2f++~k> - 
2k+ 1 
= 1-n5o (-l)Vn+2 ;!-q(3(2n+ l)] -1 z 
= I_ 5 f,_lz2n/4(2iZ-l)Sltn~I fnZ2n/2H.. 
n=l = 
The irmer sum on the second line is evaluated in [ 5, p. 12 i ] . This estab- 
lishes the identity and thus shows that the G,, + 2 in (2) are in fact the 
Genocchi numbers. 
3 
Other expressions for the Genocchi numbers are worth noting. Con- 
sider th,:: numbers enj used by Joffe [ ‘21 in computing the Euler num- 
bers; they are defined by 
e nj = 2--i&S@n = 2-j(2j)! T(2n, 2j) , 
e,j Zj(2j-l)e,a_l+I +j2cn_t,j, eqO =eon = 6ne. ’ 
Note that (the prime denotes a derivative), 
e;(t) = nEI cnj t2n-I /(2n-l)! Z 2-j (2j)z2j- ’ dZ/d.t 
= 
s 2-ijz2i-lgiz2 4-4 , 
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ej(2r’) = E. enj(2t)2n/(2il)! = 2--22i($ + 4)i, 
?Z=O 
wit!1 z = 2 sinh (5 t) as above. 
I:‘rorn the definition of C(t) ab.ove, it follows that 
C(t)--1 = --(eG-t)(et+e-t)-~ = -2 JZ7 (2-1-&- 1
= fj (_l)j+l 2-i-l zij+l JT 
j=O 
Hence, equating coefficients of t2n- ’ /(2n- 1 )! , 
C2n_1 = 2 (-1)“’ 0+1)-l en j+l 
j=O 
, 
= 2 (-1)“’ [(2j+ l)e,_l j+(j+ 1) e,__l,j+l I 
/=O 
, 
= 2 (-1)“’ Cj+ 1) en._1 j 3 
j=O , 
or 
(9) C2n+ 1 =;bo (-l)j+l Iv+ l)e,j , 
(9’) $+2 = (n -t 1) 2--l2” 2 (-1)“” (j + 1) qVj 
j=O 
= (32+ 1) 2-2” 2 (-l)j+l (j+ 1) 2+(2j)! T(2n, 2j) . 
j=cJ 
Noting that 
3 -787 
-= 2 (--l)j*J pep) , 
;=o 
leads to the identity 
fJ (__l)j+l (-j+ l)enj := 2 (-l)i+l 22n-jeni . 
j=O j=O 
Of course, the common value of the two sums is C%n+l, which by (a), is 
also equal to 
(n+ 1)-l 2 (- I)i+l 2*n+j +)--1 eiIi . 
j=O 
Also, with B(t) = t(e’ - I)-’ , the exponential, generating function fo’r 
the Bern~xtlli numbers B, tke identity 
G,(t; 2) = B,(t; 2) - 2&,(2t; :!) , 
(the notation is that of [ 5, p. 13 1 j ) with 2Go(t; 2‘s = G(t) + cc--t), a 
bisection of G(t) and of course 2Bo(t; 2) = B(t) +B(----t), implies the 
(known) identity 
(11) G2,, = 2( l-2*9 B,, 
and further uses for representations of (Jr:!, (or of B2, )c 
Finally, the bisection 
C,(t;2) =+ [C(t>---C&t)] = (1 --e2fll(l .est)-l , 
and (et - l)f = Ej! S(n, j) tn /n !, with S(n, j) the Stirling number of the 
second kjin d, imphes 
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i:j (J-t; 2) = 4(2+x)-‘, x = et---1, 
= 2 (_1)1 2-J PO j! S(n, j) P /n ! , 
= jq - 
that is, the known relations 
(12) C2n-1 = 
22n--1 2 
j=3 
(-l)i 2-j j! S(2n-1, j) 9 
6 nO = E (-l)i 2--j j! S(2n, j) . 
j-0 
We do not take :;yace to write out the further Genocchi representation. 
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